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Abstract 

De Witt-Sceley-Gilkey coefficients are calculated for the most general min- 
imal differential fourth-order operator on Riemannian space of an arbitrary 
dimension. 



As is well known, the diagonal matrix elements of the heat kernel, (x\ exp(— t A) \x) 
where A is an elliptic differential operator, can be expanded into asimptotic series 
at t — > oo [1]. These series have the form: 

oo 

(x\ exp(-tA)\x) = £ E m {x\A)t^l 2 \ (f) 

m=0 

where 2r is the operator order and coefficients E m (x\A), called De Witt-Seeley- 
Gilkey (DWSG) coefficients (sometimes they called by names of Schwinger, Hada- 
mard and Minakshisundaram) , depend on the coefficient functions of the operator 
A and their derivatives. 

There are several methods for calculating the asymptotic expansion (1). In 
this paper we use the method developed in [2] which is based on the theory of 
pseudo differential operators. The advantage of this method is its explicit covariance 
with respect to general coordinate transformations. 

We consider the fourth-order minimal operator of the form: 

A = D 2 + B^ uX V^ u V x + V^VpVv + iV^V^ + X, (2) 

where is a covariant derivative, including both affine and spinor connection 
(torsion is absent), coefficient functions B fluX , ', and X are matrices. Such 
operators are used in quantum gravity with quadratic curvature term in lagrangian 
[3]. In paper [2] practically the same problem was posed. But, in order to simplify 
calculations, the term with B^ uX was omitted there. Below we shall present those 
additional terms in DWSG coefficients for operator (2) that contain tensor B^ uX . 

We suppose that the tensor B^ vX is symmetric in all indices. 

The equation for the amplitude a(x, x', k; A) (for the formalism used here see [2]) 

is: 

(V„ + ^V M /)(V^ + iWl)(V u + iV v l)iy v + iVZ) + 
+ B^\V tx + *V M Z)(V, + iV„Z)(V A + iVxl) + 



Following the paper [2], we seek for the solution to the equation (3) in the form of 
series over an auxilary parameter e : a = Y^m=o e4+m °"m- After changing I — > l/e 
and A — > A/e 4 in the equation, we obtain the following recursion expressions: 

((WlV^l) 2 - X)a m + A x a m - X + A 2 a m _ 2 + 

+A 3 cr m _ 3 + A 4 o- m _ 4 = 0, (4) 

where a rn = for m < by definition and 

Ai = -^2DlVIV /I I + 4V' i IVW )1 V I/ l + 

+Avnv^iv v iv v + 5^ A v M /v^v A /), 

A 2 = -(^(□/) 2 + 2V M V !y /V M V,/ + 2V^(V M n/ + nV M /) + 
+35^ A V M V A /V^ + V^V^IVJ + 2VW M /n + 
+4V'WZV /1 V I , + (4D/V M / + 4V i ,ZV M V iy Z+ 
+ 4V„ZV !y V M Z + 35^ A V„ZV A Z) V M ) , 

A 3 = ^□□Z + 5^ A V M V,V A Z + V^V M V,Z + A^V M Z + 

+ (2V M D/ + 2DV M Z + W>" x VJV\l + 2y ( "" ) V„Z) V M + 
+ 2DZD + (4VVZ + 35^ A V A /) + 
+2V^Z (V M D + DV M )), 

A 4 = A. 

Using technique of the paper [2], the coefficients [a m \ (m = 0, 1,2,3,4) can be 
easily found. To avoid unnecessary complications in this paper we do not write 
down them (for details see [4]). This functions lead to the following expressions for 
DWSG coefficients: 



hi = \v a B a ^R Pl -^V a b a R-- A b p V a W a P + 
n 3 / 1 

+ WT2) - ^ (- 5 { 6o> ivn + 

+ V^] + [B**, V a V Pl \- 

- [V a V^M-[V a B a ^,V f}l ]) + 

— (r,v a v/]-iv a b«,v/]), 



8{n + 

{(B 000 ) 2 , V 00 } + B 000 V 00 B 000 R(B, 



;2 
ooo / 



3-2 5 (n + 6)(n + 2) 96(n + 2) 

■^□(-Booo) 2 — Vq-BoooV^-Bqoo + 



96(n + 6)(n + 2) 

+ V a V^(S°^6 7 ) + V (a (V^)B a 00 Bi)) + 
+ 16(n^ 

+ 16(n 3 +2) (v Q (S Q 00 V^i -BlVpB a 00 ) -B a 00 W af3 Bi + 

+ 2B a 00 Bi W a p + B a 00 B? 00 R aP - AB^BfR ai ^ + 

3R af3 pi 
+ 16(n + 2) ! '° 7> ' 



7 (^°°°) 4 , 

3 3-2 9 (n + 10)(n + 6)(n + 2) ^ 
2V (5 000 ) 3 + \{B 000 ) 2 ,V B 000 ] 



Since the expression for ho does not include terms with B^ vX (and, consequently, 
coincides with ho found in [2]), it is not presented here. 

As for the notations, all of them coincide with those in [2] , except for the follow- 
ing: b a = Bj and T 00 ... = //•"• i - A >7;, ,.. A . 

DWSG coefficients for the operator (2) on a manifold of dimension n = 4 were 
found in [5,6]. In order to check the result obtained here we presented the expressions 
in the same form as in [5]. 

Substituting n = 4 in E 2 (x\A) and E4,(x\A), one can see that, except for three 
places, our result is the same. 

The indicated differences are the following: 

a) the expression for h 2 , obtained here, contains two additional terms: 

16(n+2) ( Ba oo B L R a(3 - 4 J B Q/3 ° B f ' R al p S ) , 

which are absent in the above mentioned paper. However, these terms are present in 
the second paper [6], where the result has slightly different form. We can conclude 
that in [5] there is a mistake. 

b) in the expression for hi, instead of the term 

(l/4)V Q fl°^i^, 

in the mentioned paper we find 

(l/4)V QJ B a ^V 7 V /3 i?. 

As in the first case comparison with [6] solves the question again. So we conclud 
that in [5] there is one more misprint. 

c) obtained here expression for hi contains one more term which is absent in [5]: 

" [V^, V] . (5) 



themselves to the operators with commuting coefficient functions B liyX and V^ v and, 
consequently, all expressions like (5) are identically equal to zero. 
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